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Nonlinear relaxation dynamics of a vertically-vibrated granular pile is experimentally studied. In
the experiment, the flux and slope on the relaxing pile are measured by using a high-speed laser
profiler. The relation of these quantities can be modeled by the nonlinear transport law assuming
the uniform vibro-fluidization of an entire pile. The fitting parameter in this model is only the
relaxation efficiency, which characterizes the energy conversion rate from vertical vibration into
horizontal transport. We demonstrate that this value is a constant independent of experimental
conditions. The actual relaxation is successfully reproduced by the continuity equation with the
proposed model. Finally its specific applicability toward an astrophysical phenomenon is shown.
A granular pile is usually stable when its slope is less
than the angle of repose θc. However, the structure of a
pile can be relaxed by adding perturbations such as vibra-
tion. In this sense, granular-heap structure is metastable.
The truly stable state under gravitational field must have
a horizontally flat surface. Therefore, when subjected to
perturbations, a pile shows relaxation toward horizontal
structure. This type of granular relaxation is ubiquitous
in many natural phenomena. For instance, the terrain
development on astronomical objects covered with gran-
ular beds called regolith (e.g., asteroid Itokawa) is gov-
erned by the granular-heap relaxation [1]. As illustrated
in Fig. 1, meteorite-impact-induced seismicity is consid-
ered as a main perturbation source, which could erase
characteristic terrains such as craters [2].
In general, relaxation itself has long been an impor-
tant process in complex soft matter physics [3]. One
of the simplest modeling for relaxation is Fickian (liner)
diffusion, which cannot explain the granular-heap relax-
ation [4, 5]. While several models have been proposed so
far [4–6], the parameter dependence of the relaxation pro-
cess has not been investigated systematically. Obviously,
FIG. 1. Schematic illustration of crater relaxation caused by
meteorite-impact-induced seismic shaking on small astronom-
ical objects.
the relaxation property depends on various experimental
conditions such as perturbation strength. Revealing the
parameter dependence is necessary for both the funda-
mental understanding of the relaxation process and its
application to natural phenomena. In this study, we per-
form systematic experiments and build a model which
can quantitatively describe the granular-heap relaxation
including the experimental parameter dependence. Be-
sides, this paper briefly addresses the relaxation of craters
by seismic shaking on a small asteroid.
So far, steady granular flows on a pile with angle
steeper than θc have mainly been studied [7–10]. In-
stead, this study directly investigates the (non-steady)
relaxation of a vibro-fluidized granular pile. Using a
high-speed laser profiler, spatiotemporally-resolved sur-
face profiles of a relaxing pile are precisely obtained.
Based on the experimental data, a granular transport law
called the Nonlinear Diffusion Transport (NDT) model is
derived. We show that the NDT model can explain the
entire relaxation process of the pile with only one univer-
sal parameter representing the relaxation efficiency.
A schematic illustration of the experimental system
is given in Fig. 2(a). A conical pile with the angle of
repose is created on a disk using each set of granular
materials with diameter d = 0.5 or 1.0 mm, density
ρ = 2.6 ∼ 5.9 g/cm3, and tanθc = 0.45 ∼ 0.65 (Ta-
ble I). The experimental system is mounted on an elec-
tromechanical vibrator (EMIC 513-B/A). The radius of
Material d (mm) ρ (g/cm3) tanθc Note
1. Almina ball 0.5± 0.1 3.9 0.45 A.O.
2. Almina ball 1.0± 0.1 3.9 0.45 A.O.
3. Zirconia ball 0.5± 0.1 5.9 0.46 A.O.
4. Rough sand 1.0± 0.3 2.6 0.65 JIS
TABLE I. Granular media used in the experiments. A.O. and
JIS represent AS ONE (supplier of materials) and Japanese
Industrial Standards.
2FIG. 2. (a) Schematic illustration of the experimental system. (b) Snapshots of a relaxing pile during vibration. (c) Raw data
of radial profiles taken by a laser profiler. A gray curve shows a profile of an initial pile with the angle of repose, which is taken
before turning on a vibration generator. Black profiles are taken at t = 0, 0.26, 0.5, 1.0, 2.0, 3.0, 5.0 s from top to bottom. Note
that the data between gray and top black profiles are not used in this study as the vibration amplitude A is not constant. (d)
Image of the NDT model. In the main text, the forces applied to the filled thin slice are discussed.
the disk r0 is 40 mm, and a layer of the same grain is
glued on its surface. Then, sinusoidal vertical vibration
is continuously applied to the disk. The amplitude A and
frequency f are varied in the range of 10−4 ∼ 100 mm
and 50 ∼ 500 Hz such that granular piles are destabi-
lized. Actually, it is difficult to precisely determine the
onset criterion of the fluidization. Although the maxi-
mum acceleration scaled by the gravitational acceleration
Γ = A(2pif)2/g seems to be the most relevant, the criti-
cal value Γc fluctuates around 1 < Γc < 2 depending on
f [11, 12]. To avoid such complexity and focus only on
clearly fluidized regimes, in this study a pile is subjected
to relatively strong vibration of 2 ≤ Γ ≤ 10. We per-
form experiments for each set of conditions three times
to check the reproducibility. Once granular media begin
to flow, the shape of the pile is relaxed (Fig. 2(b)). Out-
flowed grains are collected by an acrylic container sur-
rounding the disk. As a unique advantage of this setup,
the sidewall effect, which is difficult to be removed in
usual quasi-2D flows [8, 9], does not appear at all. To
measure the flow properties during the relaxation, sur-
face profiles of the pile are continuously recorded by a
high-speed laser profiler (KEYENCE LJ-V7080). Fig-
ure 2(c) shows profiles taken in the experimental condi-
tion of A = 0.04 mm and f = 200 Hz (Γ = 6) with
Material 1 in Table I. The measurement ranges are from
the center to the edge of the pile along the radial direc-
tion (r = 0 ∼ 40 mm). The origin of the height coor-
dinate z = 0 is calibrated to the surface of the disk. In
this experiment, the amplitude of vibration is gradually
increased during the initial 0.5 s to calmly get to sta-
ble vibration conditions without burst signals. The time
when the vibration achieves a stable state is defined as
t = 0 s. Henceforth, these experimental conditions are
used for subsequent plots unless otherwise noted.
In the analysis, to investigate the flow property, the
flux and slope are measured at four points with interval
∆r = 10 mm (r = 5, 15, 25, 35 mm) for a variety of time.
Since the pile is relaxed axisymmetrically, the flux q at
r = r′ and t = t′ is calculated as
q(r′, t′) =
1
r′dt
∫ r′
0
|h(r, t′ + dt)− h(r, t′)|rdr, (1)
where h(r, t) is the height of the pile at position r and
time t, which is measured from z = 0 [13]. Since
the relaxation dynamics slows down as time goes on,
logarithmically-increasing time bins are employed for
dt [13], i.e., dt = 0.1 × √2n s (n = 0, 1, 2, · · ·). The
slope |∇h|(= |∂h/∂r|) at position r is calculated by the
linear least-squares method using profiles from r−∆r/2
to r+∆r/2. The relation between q and |∇h| is shown in
Fig. 3(a). Following the simplest assumption, Fick’s law
of diffusion, q is proportional to |∇h|. The data trend,
however, suggests nonlinearity and that q is not scaled
only by |∇h| but also depends on r. To explain this
complex dependence and reproduce the granular-heap re-
laxation, the transport model will be derived below.
First of all, let us consider the dynamics of a thin annu-
lar slice of granular media with width dr and height h(r)
(Fig. 2(d)). For the sake of simplicity, we assume that
the pile is uniformly fluidized throughout the layer due
to relatively strong vibration with Γ > 1; and the slice is
horizontally transported on a vibrating plate like a solid
block (cf. [5]). This idea is contrastive to the shear-band
structure assumed by Roering et al. [6], i.e., the fluidized
layer is localized only around the surface. The forces ap-
3plied to a slice in motion consist of two factors: the force
due to the pressure gradient Fp = mg|∇h| and the fric-
tional force between the slice and disk Ff = µmg, where
m = ρφh(r)2pirdr, ρφ is the bulk density of granular me-
dia, and µ is a coefficient of friction. The former always
works along the positive direction of the r-axis, while the
latter is applied along the opposite direction of the mo-
tion. Note that hydrostatic pressure is assumed as the
pile is completely fluidized; the effects of air drag and co-
hesion are neglected as constitutive grains are sufficiently
large, dense, and dry.
As a next step, based on the idea proposed by Roer-
ing et al. [6], we assume that the oscillating disk sup-
plies energy ∆E to the pile during infinitesimal time ∆t
isotropically such that the slice is able to move along
both directions with equal probabilities. In other words,
during ∆t the vibration attempts to transport the slice
to the positive direction of the r-axis with velocity v+
and probability 1/2, while to the negative direction with
velocity v− and probability 1/2 as well. This process con-
tinues as long as vibration is applied. The similar mod-
eling has also been developed for coarsening dynamics
in a vibro-fluidized compartmentalized granular gas [14].
The important point in this modeling is that v+ is larger
than v− because the resistant force against the motion
to the positive direction F+ = Ff − Fp is smaller than
that against the negative direction F− = Ff + Fp. As a
result, the average transport velocity along the r-axis vt
can be written as
vt =
1
2
v+ − 1
2
v−
=
1
2
∆E
∆t
(
1
F+
− 1
F−
)
=
W
2mg
(
1
µ− |∇h| −
1
µ+ |∇h|
)
, (2)
where W = ∆E/∆t means the average work done per
unit time. Here, let us suppose that a certain percentage
of the vibration energy inputted vertically is used for the
horizontal transport of the slice. This idea allows W to
take the following simple form:
W = cmgvvib, (3)
where c is a constant, and vvib = A(2pif) represents a
characteristic vibration velocity. Using the above expres-
sions, vt can finally be rewritten as
vt =
cvvib
µ2
|∇h|
1− (|∇h|/µ)2 . (4)
In this model, when |∇h| ≪ µ, q(= hvt) is almost pro-
portional to |∇h|, which can be interpreted as Fick’s law
of diffusion. On the other hand, q diverges rapidly as
|∇h| approaches µ, indicating strong nonlinearity. In the
following, we call Eq. (4) the Nonlinear Diffusion Trans-
port (NDT) model.
FIG. 3. (a) Flux q versus slope |∇h|. The vertical solid
line corresponds to |∇h| = tanθc. Colors represent analysis
points. (b) Depth-averaged velocity q/h(= vt) versus slope
|∇h|. Colors are identical to those in (a). A dashed curve
shows the best fitting by Eq. (4). Note that µ is fixed at tanθc.
Inset: Analysis results for various vibration conditions. The
axises are the same as the main plot. All the data are also
fitted by Eq. (4). (c) Relaxation efficiency c as a function
of the maximum vibration velocity vvib. Colors and symbols
represent vibration frequency f and materials used (Table. I).
Solid and dashed lines depict c = 0.068 with 1σ = 0.014.
Let us verify whether the NDT model can consistently
explain the experimental data. According to the above
modeling, q/h corresponds to vt which obeys Eq. (4). If
the NDT model is correct, vt = q/h must be a function
of only |∇h| in contrast to q which depends on both |∇h|
and r (Fig. 3(a)). Figure 3(b) shows the relation between
q/h and |∇h|. As expected, all the data are collapsed into
a single curve, which can be fitted by Eq. (4), where the
fitting parameter is only c. µ is fixed at tanθc in Table I.
In spite of this simplification, the scaling of Fig. 3(b) is
universal to all experimental data. The evidence is given
in the inset of Fig. 3(b), which shows analysis results for
various vibration conditions. All the data are also fitted
4well by Eq. (4).
Another point that needs to be confirmed is the param-
eter dependence of c. The values of c, which are calcu-
lated by the least-squares fitting to Eq. (4), are plotted as
a function of vvib for four granular materials (Table I) in
Fig. 3(c). c seems to be independent of any experimental
conditions and shows the constant value 0.068 ± 0.014.
Since c indicates a velocity conversion rate from the in-
put vertical vibration to the horizontal transport, it is
natural that c is less than 1 and uniquely determined
by the system itself. However, one can speculate that c
might depend on the mechanical properties of constituent
grains (e.g., softness) and/or boundary conditions of the
system. Additional studies to evaluate these effects are
important future works.
Next, in order to reproduce the relaxation process of
the pile, we numerically solve the equation of continuity
with q = hvt given by the NDT model:
∂h
∂t
= ∇ ·
(
h
cvvib
µ2
∇h
1− (|∇h|/µ)2
)
. (5)
Note that the following boundary conditions are imposed
from the experimental configuration: q = 0 mm2/s at r =
0 mm and h0(t) = h(t, r0), where h0(t) is the thickness
of a granular layer flowing out of a disk at a given time,
which typically consists of a few grain diameters. The
comparisons between profiles taken by a laser profiler and
those computed by the NDT model are shown in Fig. 4,
which are in good agreement with each other. These facts
support the validity of the NDT model. Interestingly,
Eq. (5) does not include the dependence on grain size d.
This is because the relevant length scale governing the
relaxation dynamics is the height h(r) rather than d in a
fully-fluidized pile.
Here, limitations of the NDT model are briefly dis-
cussed. First, according to the rheological models for
dense fluidized flows, granular temperature could also af-
fects the transport velocity (e.g., [15]). Although this
effect is expected to be dominantly linked to vibration
velocity, the correspondence has not yet been reached.
The detail comparison with such rheological models is
necessary to improve the model. Second, we observed
that the pile reaches a “jammed” state leaving a finite
slope even if submitted to vibration for a long time.
As can be seen in both Figs. 3(b) and 4, model curves
exhibit misfits with experimental data when slopes ap-
proach zero. These jammed states become more apparent
as vvib decreases. In this regime, inertial energy supplied
to grains is insufficient to overcome potential barriers of
their neighbors [16, 17]. Conversely, when the vibration
is too strong, the transition into a granular-gas phase [18]
must occur, in which the NDT model is no longer suit-
able. The best we can say at present is that the NDT
model can be applied only in the restricted range (at least
vvib = 10 ∼ 200 mm/s) except for low-angle conditions.
FIG. 4. Comparison between profiles taken by a laser profiler
and those computed by the NDT model. The initial shape for
the model computation is approximated by h− h0 ∼ (r0
1.6 −
r1.6) with r0 = 40 mm. The time step and spatial resolution of
the numerical calculation are 10−5 s and 0.5 mm, respectively.
Experimental and computed curves agree well in relatively
steep regimes. When the shape of the pile get flattened to
some extent, granular media reach a jammed state, where the
relaxation almost halts.
Finally we show a simple application of the NDT model
toward the crater relaxation process caused by impact-
induced seismic shaking (Fig. 1). Let us consider the
crater erasure by a meteorite impact with diameter 4 m
onto asteroid Itokawa. By this impact, the entire surface
of Itokawa is shaken with Γ > 1 [19]. The expected typi-
cal vibration velocity and duration are Vseis ∼ 10−2 m/s
and Tseis ∼ 101 s [13, 19]. Then, the crater of diameter
Dcra and depth Hcra is erased when the mass flow ex-
ceeds the crater volume. The order estimate of this mass
balance is expressed as vtHcraDcraTseis ∼ D2craHcra. By
neglecting the nonlinear term in Eq. (4) which is im-
portant only for steep slopes, Dcra ∼ cVseisµ−2|∇H |Tseis
holds, where the typical µ value is tan35◦ [20] and
|∇H | ∼ H/D ∼ 10−1 [21, 22]. Substituting specific
values into this relation, the maximum crater diameter
erased by this impact-induced shaking is estimated as
Dcra ∼ 10−3 m. This value is comparable with actual
grain (regolith) size [20], which means that the the accu-
mulation of multiple impacts is necessary to erase large
craters. To estimate the relaxation time scale more pre-
cisely, much more careful computation as discussed in
Ref. [19] must be performed.
In summary, we have performed experiments to under-
stand the relaxation dynamics of granular-heap structure
on a vertically-vibrated plate. To explain the experi-
mental results, we have proposed the Nonlinear Diffu-
sion Transport (NDT) model, which describes the flux
of granular particles including the dependence on exper-
imental parameters. The fitting parameter is only the
relaxation efficiency c, which does not depend on exper-
5imental conditions. Considering this universality, from a
rheological point of view, our experimental setup could
provide a new insight to characterize frictional properties
of flowing granular media under vibration. We also be-
lieve that the framework of our modeling for relaxation
is potentially applicable to other experimental configura-
tions with different heap sizes or perturbation types.
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